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We prove that if S ⊆ P4 is a smooth nondegenerate surface covered by a one-dimensional
family D = {Dx}x∈T of plane (nondegenerate) curves, not forming a fibration, and if the
hypersurface given by the union of the planes 〈Dx〉 spanned by such curves is not a cone,
then for any general x ∈ T , the genus g(Dx) ≤ 1, and S is either:
1. the projected Veronese surface, and the plane curves are conics;
2. the rational normal cubic scroll, and the plane curves are conics;
3. a quintic elliptic scroll, and the plane curves are smooth cubics.
Furthermore, if the number of curves of the family passing through a general point of S is
m ≥ 3, only cases 1 and 2 may occur.
The statement has been conjectured by Sierra and Tironi in [J. Sierra, A. Tironi, Some
remarks on surfaces in P4 containing a family of plane curves, J. Pure Appl. Algebra 209 (2)
(2007) 361–369., Conjecture 4.13]
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
The present paper deals with the problem of the classification of smooth surfaces in P4 containing a one-dimensional
family of plane curves.
When the family forms a fibration, the classification has been completed by several authors. Lanteri [8] and Aure [2]
classified scrolls in P4, and they found out that they are either the rational normal cubic scroll or a quintic elliptic scroll.
The case of surfaces ruled by conics was solved by Ellia and Sacchiero [6], and later by Braun and Ranestad [3], which
proved that S is either a Del Pezzo surface of degree 4, a Castelnuovo surface of degree 5 or an elliptic conic bundle of degree
8. Finally, Ranestad [9] proved that a fibration in degree d > 2 plane curves is a bielliptic or abelian surface of degree 10, or
S ⊆ P4 is contained in a quadric cone of rank 4; Sierra and Tironi observed that also the case of a surface S contained in a
quadric cone of rank 3 may occur [10, Remark 2.7].
When the family of plane curves is not a fibration, the question is partly open. Sierra and Tironi [10] considered the
hypersurface VT ⊆ P4 determined by the union of planes of the curves of the familyD = {Dx}x∈T , and proved the following
result (Theorem 3.2 and Theorem 4.10):
Theorem 0.1. Let S ⊆ P4 be a smooth nondegenerate surface containing a one-dimensional familyD = {Dx}x∈T of plane curves,
not forming a fibration. Set
VT =
⋃
x∈T
〈Dx〉.
∗ Corresponding author.
E-mail addresses: beorchia@units.it (V. Beorchia), sacchier@units.it (G. Sacchiero).
0022-4049/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2009.01.006
V. Beorchia, G. Sacchiero / Journal of Pure and Applied Algebra 213 (2009) 1750–1755 1751
If VT is a cone, then one of the following holds:
(i) S is the projected Veronese surface, the plane curves are conics corresponding to a pencil of lines in the plane and VT is a
projection of the cubic rational normal scroll V0,1,2 ⊆ P5;
(ii) VT is a quadric cone of rank 3 or 4 and S is linked to a plane by the complete intersection of VT and a hypersurface of P4.
If VT is not a cone, and if S satisfies the following two additional hypotheses
(*) through a general point of S there pass two elements of the familyD;
(**) the general fiber of VT intersects any other fiber (including the infinitely closed ones) in a point,
then S is either:
(a) the rational normal cubic scroll and the plane curves are conics;
(b) a quintic elliptic scroll and the plane curves are elliptic cubics.
Observe that the projected Veronese surface is not included, as there are planes intersecting a general plane along a line,
thus not satisfying hypothesis (∗∗).
In the same paper, Sierra and Tironi stated the following conjecture [10, Conjecture 4.13]:
Conjecture 0.2. Let S ⊆ P4 be a smooth surface containing a one-dimensional family of plane curves not forming a fibration. If
S ⊆ P4 is not contained in a quadric cone of rank 3 or 4, with S linked to a plane by a complete intersection, then S ⊆ P4 is either
the projected Veronese surface or a quintic elliptic scroll.
Here we give a proof of Conjecture 0.2. Specifically, we prove the following:
Theorem 0.3. Let S ⊆ P4 be a smooth nondegenerate surface covered by a one-dimensional family D = {Dx}x∈T of plane
(nondegenerate) curves, not forming a fibration. Let m ≥ 2 denote the number of curves passing through the general point of S.
Assume that the hypersurface given by the union of the planes 〈Dx〉 spanned by such curves
VT =
⋃
x∈T
〈Dx〉
is not a cone.
Then for any general x ∈ T , the genus g(Dx) ≤ 1, and S is either:
1. the projected Veronese surface, and the plane curves are conics;
2. the rational normal cubic scroll, and the plane curves are conics;
3. a quintic elliptic scroll, the plane curves are smooth cubics and deg(VT ) = 5.
Furthermore, if m ≥ 3, only cases 1 and 2may occur, and T admits an embedding in P2∨ as a curve of degree m.
As observed in [10], the numberm of curves of the family passing through a general point of S can be seen as the degree
of the projection morphism
q : T = {(P, x) | P ∈ Dx} ⊂ S × T → S,
which is generically finite. Moreover, the plane curves are supposed nondegenerate, as otherwise S would be covered by a
family of lines, intersecting each other. Since S is smooth, S would be a plane.
The idea is to prove that the curves of the family are either rational or elliptic. When m = 2, this follows from the fact
that T is necessarily smooth and S turns out be isomorphic to the symmetric product S2T . If the genus of the general curve
of the family was g(Dx) ≥ 2, then the isomorphism S2T → S ⊆ P4 would define a closed immersion S2T ⊆ S2P2, and a
factorization of the embedding in P4 through P5, so S would not be linearly normal.
When m ≥ 3, there exist infinite non-equivalent degree m − 1 coverings T → Dx, and this is possible only when the
curves Dx are rational by de Franchis’ and Kani’s Theorems [5,7].
In the case of rational curves, we conclude by observing that them parameters, corresponding to the curves of the family
passing through a general point of the surface, determine a g2m on T . Such a series gives an embedding of T in the dual plane,
hence a family of lines in the plane, which is the image of the family D under a birational morphism between the surface
and the plane.
The elliptic case may occur only whenm = 2, T ∼= Dx with T smooth, and VT is a degree 5 linearly normal hypersurface,
having S as a double surface. Hence the degree of S is equal to the number of double points of the general plane section of
VT , so deg(S) = 5 and from the classification of low degree surfaces in P4 it follows that S is an elliptic scroll.
1. Proof of the Theorem
We shall prove the Theorem in four steps. In the first two steps we shall prove that since VT is not a cone, we have
Dx · Dy = 1 for any couple of curves. Furthermore, any curve Dx is smooth along the points of intersection with another
curve of the family, provided they do not have a line as a common component (see also [10, Lemma 4.2 and Proposition 4.7]
under the assumption (∗) cited in the introduction).
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Next we shall prove that g(Dx) ≤ 1 if through the general point of S there pass two curves of the family, and g(Dx) = 0
if through the general point of S there passm ≥ 3 curves of the family.
Finally, wewill conclude by considering a suitable embedding of T in the dual plane in the rational case, and by evaluating
the degree of VT in the elliptic case.
Lemma 1.1. Under the hypotheses of Theorem 0.3, for any x, y ∈ T we have
D2x = Dx · Dy = 1. (1.1)
Moreover, for any x, y ∈ T such that Dx and Dy do not have a line as a common component, the intersection Dx ∩Dy is transverse
and at such a point both curves are smooth.
Proof. We first prove the statement for two general curves of the family. As VT is not a cone, for general x, y ∈ T , the planes
〈Dx〉 and 〈Dy〉meet at a point, which is not fixed (see, for instance, [10, Lemma 4.1]). SinceD is not a fibration, this implies
that two general curves of the family pass through such an intersection point, and they have different tangent cones in that
point, as a common tangent line would be contained in both planes. In particular, two general curves of the family intersect
transversely.
Next observe that at an intersection point of two general curves, they are both smooth. Indeed, if ξ = Dx∩Dywas singular
for Dx, the embedded tangent space Tξ S to S at ξ would contain the plane 〈Dx〉 and a tangent line to Dy, contained in the
plane 〈Dy〉. Since ξ = 〈Dx〉 ∩ 〈Dy〉, then Tξ S would have dimension greater than or equal to three.
This implies that
Dx · Dy = 1
for two general curves.
Since all the curves of the family are algebraically equivalent, they are numerically equivalent, so that
D2x = Dx · Dy = 1
for any x, y ∈ T .
Finally, this implies that the intersection between any couple of curves of the family is transverse, also if the
corresponding planes meet in a line, provided that such a line is not a common component. Indeed, if they had a common
tangent line in the intersection point, the intersection multiplicity between them would be greater to one. Then we can
apply the argument above to conclude again that at an intersection point both curves are smooth. 
Proposition 1.2. Under the hypotheses of Theorem 0.3, the general curve Dx ∈ D is irreducible and smooth.
In the case m = 2, also T is smooth and we have an isomorphism T ∼= Dx for any irreducible curve of the family; furthermore,
if some curve Dz of the family is reducible, then S is the rational normal cubic scroll R1,2 and Dz = C0 ∪ fz for a suitable fiber fz .
Proof. Let us first prove that the general curve of the family is irreducible. For any x ∈ T , consider the degree m − 1 finite
morphism (which is a rational finite morphism if T is singular)
αx : T → Dx, αx(y) = Dx ∩ Dy, (1.2)
and the degreem(m− 1) rational morphism
α : T × T → S, α(x, y) = Dx ∩ Dy = αx(y), (1.3)
which factorizes through them(m− 1)/2 : 1 covering
α(2) : S2T → S,
of the symmetric product of T over S. Observe that ifm = 2, α(2) is birational.
As α is dominant, through the general point of S there pass exactlym distinct curves of the family. Hence if all the curves
were reducible, there would exist a fixed irreducible component D˜ of all general curves Dx of the family. Indeed, as T is
irreducible, for any x ∈ T , the residual curve to the image curve αx(T ) ⊂ Dx would be contained in the branch locus of α,
so they are in a finite number. But then two general planes of the family would intersect in more than one point, and this is
not the case as VT is not a cone.
Next we show that the general curve Dx is smooth. Let x ∈ T be a smooth point and such that Dx is irreducible; then αx
is defined in x. As αx(y)must be a smooth point of Dx for any y 6= x by Lemma 1.1, a possible singular point of Dx should be
a cusp point given by αx(x), and through this point there should pass no other curve of the family, that is x should be a total
ramification point for the degreem− 1 covering αx. But α−1(Dx) ⊃ ({x}× T )∪ (T ×{x}), which are two curves intersecting
transversely in (x, x). So the differential of α : T × T → S would contract two transverse tangent lines to a point, hence it
would have rank zero at that point. Then the image point would be a singular point for S.
Assume now m = 2. As observed in [10, Lemma 4.4], the birationality of α(2) implies that T is smooth. Indeed, if T was
singular inw ∈ T , then there would be also a birational morphism between S(2)T˜ , where T˜ is the normalization of T , and S.
But over the point α(2)(w) the fiber in S(2)T˜ would be a finite set of points, contradicting Zariski’s Main Theorem.
It follows that in fact the birational morphisms αx for x ∈ T general and α(2) are isomorphisms.
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Finally, suppose m = 2 and that some curve Dz is reducible. Then we may express Dz = αz(T ) ∪ D′z , where αz(T ) is a
plane irreducible curve of degree a < δ = deg(Dz), and αz(T ) is birationally equivalent to any general smooth curve Dx,
which has degree δ. It follows that g(Dx) = (δ − 1)(δ − 2)/2 = g(αz(T )) ≤ (a − 1)(a − 2)/2, which is satisfied by the
unique couple (δ, a) = (2, 1). So αz(T ) is a line L, which intersects any irreducible curve Dx of the family in a point. From
the relations
L · Dx = L · (L+ D′z) = 1, L · D′z = 1
we get
L2 = 0.
As the restriction map H0(OS(L))→ H0(OL(L)) is nontrivial and not injective, it follows that h0(OS(L)) ≥ 2, so S is a scroll
in lines parametrized by the line D′z , hence S = R1,2 by [2,8]. 
Proposition 1.3. Under the hypotheses of Theorem 0.3, we have
g(T ) = g(Dx) ≤ 1 if m = 2
and when g(T ) = g(Dx) = 0, S is either the cubic scroll or the projected Veronese surface;
g(Dx) = 0, if m ≥ 3.
Proof. Let m = 2. Assume that S 6= R1,2, so that all the curves Dx ∈ D are irreducible and smooth by Proposition 1.2, and
the morphisms αx : T → Dx defined in (1.2) are isomorphisms for any x ∈ T . If g(T ) = g(Dx) 6= 1, we claim that necessarily
g(Dx) = 0 and S is the Veronese surface.
Indeed, for non-elliptic curves, all the embeddingsαx coincide up to aprojectivity: if g(Dx) = 0, then theDx are necessarily
smooth conics, and if g(Dx) ≥ 2, the degree of Dx is δ ≥ 4, so the series P(H0(ODx(1))) = g2δ is complete and it is the unique
g2δ on Dx (see, for instance, [1, Appendix A, Ex. 18 (iii)]). It follows that
α∗OS(1) ∼= p∗1OT (HT )⊗ p∗2OT (HT ) = OT×T (HT×T ),
where pi : T × T → T , i = 1, 2, are the two projections, HT is a hyperplane divisor on T determined by any embedding αx,
and HT×T = p∗1(HT )+p∗2(HT ). The latter divisor defines a closed immersion of the product T × T in P2×P2, and it is induced
by the divisor (1, 1) on P2 × P2.
It follows that the symmetric product S2T embeds in S2P2, and the hyperplane divisor HS2T = α(2)∗HS , where HS is
the hyperplane divisor on S ⊆ P4, is the restriction of the image H˜ of (1, 1) on S2P2. Next we observe that the induced
morphism ϕH˜ embeds S
2P2 as a cubic hypersurface in P5, which can be identified with the hypersurface I parametrizing
reducible plane conics. Moreover, observe that since the image surface ϕH˜(S
2T ) ⊆ P5 is nondegenerate, the projection on
P4 gives an isomorphism with S ⊆ P4, hence S is not linearly normal and by Severi’s Theorem it is a Veronese surface.
This proves the statements in the casem = 2. 
Let us consider now the casem ≥ 3. Observe that T may be singular.
If x ∈ T is general, the degreem− 1 covering
αx : T → Dx, αx(y) = Dx ∩ Dy, y ∈ T general
extends to a covering of the same degree
α˜x : T˜ → Dx,
where T˜ is the normalization of T .
Moreover, note that no two such coverings are isomorphic, since for x 6= y they have different fibers:
α˜−1x (α˜x(y)) = {y, x3, . . . , xm}, α˜−1y (α˜y(x)) = {x, x3, . . . , xm}.
Hence {α˜x}x∈T is an infinite family of degreem− 1 non-isomorphic coverings.
This implies that g(Dx) = 0 for every x ∈ T . Indeed, there are only finitely many isomorphism classes of separable,
non-constant morphisms f : T → C of fixed degreem− 1, where C runs over all curves of genus g(C) ≥ 1, by de Franchis’
Theorem [5] in the case g(C) ≥ 2, and by a result due to Kani [7, Theorem 4] when g(C) = 1 (see also [11]).
This concludes the proof. 
Remark 1.4. When m = 2 and g(T ) = g(Dx) = 1, the embeddings αx need not to be projectively equivalent, and indeed
this is case for the elliptic scroll.
Recall that (see, for instance, [4]) such a scroll is the embedding of S2T by the linear system |T0 + 2f0|, where T0 is the
image of T × {0} under the natural projection p : T × T → S2T , 0 ∈ T is a fixed origin, and f0 is the fiber over 0, which is
given by points of the type p(x,−x). The curves Dx are the images of the curves p(T ×{x}), and they are embedded with the
linear systems |p(0, x)+2(−x, x)|. Moreover, the isomorphisms αx : T → p(T ×{x}) are defined by αx(y) = p(y, x), so that
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the pull-back series on T are of the type
α∗x g
2
3 = |0+ 2(−x)|,
and they are different, in general.
Proposition 1.5. Assume that S ⊆ P4 satisfies the hypotheses of Theorem 0.3.
If g(Dx) = 0, then S is either the projected Veronese surface or the cubic scroll, and T admits a g2m.
If g(Dx) = 1, the deg(VT ) = deg(S) = 5, and S is a quintic elliptic scroll.
Proof. If g(Dx) = 0, then the curves Dx are smooth conics. When m = 2, S is either the Veronese surface or the rational
normal cubic scroll by Proposition 1.3.
Whenm ≥ 3, for the general x ∈ T , consider the embedding morphisms
ϕx : P1 → Dx.
The family of degreem− 1 coverings
gx = ϕ−1x ◦ αx : T → P1
determines a family of g1m−1 on T , whose divisors are given by the fibers of such coverings:
|x1 + x2 + · · · + xm−1| = g1m−1.
We claim that
|x+ x1 + x2 + · · · + xm−1| = g2m,
since x is not a base point of such a linear system. Indeed, the divisor
x+ x2 + · · · + xm−1 ∈ g1m−1
corresponds to the fiber for αx1 over the point αx1(x). It follows that for any x
′ ∈ T , x′ 6∈ {x, x1, . . . , xm−1}, the fiber
{x′, x′2, . . . , x′m−1} over αx1(x′) = Dx1 ∩ Dx′ gives a divisor, which is equivalent to
x′ + x′2 + · · · x′m−1 ∼ x+ x2 + · · · + xm−1 ∈ g1m−1,
so that
x1 + x+ x2 + · · · + xm−1 ∼ x1 + x′ + x′2 + · · · x′m−1 ∈ g2m,
and the latter divisor does not contain x.
This proves the first claim.
As to the general point of S wemay associate a unique divisor x1 + x2 + · · · + xm, which in turn defines a line Lx1,...,xm in
the dual plane (P2)∨, the following map is well defined and birational:
F : S → P2, F(s) = L∨x1,...,xm ,
where s = Dx1 ∩ Dx2 ∩ . . . ∩ Dxm and L∨x1,...,xm denotes the base point of the pencil of lines in P2 determined by Lx1,...,xm .
Moreover, we have that F(Dx) is a line for any x ∈ T , so that again F−1 : P2 → S ⊆ P4 determines an embedding of the
plane by a linear system of conics. Hence S is either the Veronese surface or the rational normal cubic scroll.
Finally, ifm = 2 and Dx ∼= T are elliptic curves, then S is not the (projected) Veronese surface, so VT is a linearly normal
hypersurface, having S as singular locus, and precisely S as a double surface. Moreover, the normalization of VT is a scroll
in planes V˜ = P(E) over the curve T . Let H be the hyperplane divisor on V˜ giving the embedding ϕH(V˜ ) = VT . Then
h0(OV˜ (H)) = 5. On the other hand, as pi : V˜ → T is a projective bundle, χ(OV˜ (H)) = χ(pi∗OV˜ (H)). The first Chern class
c1(pi∗OV˜ (H)) is an effective divisor, so h1(pi∗OV˜ (H)) = 0. Finally, from the Hirzebruch–Riemann–Roch Theorem we have
χ(pi∗OV˜ (H)) = H3 + 3(1− g(T )) = H3.
It follows that v = deg(VT ) = H3 = h0(OV˜ (H)) = 5. As the degree d of S is equal to the number of double points of the
general plane section of VT , which is an elliptic curve, we have
d = (v − 1)(v − 2)
2
− 1 = 5.
From the classification of low degree surfaces in P4 it follows that S is an elliptic scroll, and the last Proposition is proved. 
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